Beginning with Bekenstein, many authors have considered a uniformly spaced discrete quantum spectrum for black hole horizon area. It is also believed that the huge degeneracy of these area levels corresponds to the notion of black hole entropy. Starting from these two assumptions we here infer the algebra of a Schwarzschild black hole's observables. This algebra then serves as motivation for introducing in the system's Hamiltonian an interaction term. The interaction contains the horizon area operator, which is a number operator, and its canonical conjugate, the phase operator. The Hawking radiation from a Schwarzschild black hole is seen to be a consequence of an area-phase interaction. Using this interaction we have reproduced the semi-classical result for the Hawking radiation power. Furthermore, we show that the initial state of the black hole determines the nature of its development. Thus, a state which is an area eigenstate describes a static eternal black hole, but a coherent state describes a radiating black hole. Hence, it is the observer's initial knowledge or uncertainty about the horizon area which determines the evolution.
I. INTRODUCTION
The first quarter of this century yielded two revolutionary theories, quantum mechanics and general relativity; they have changed drastically the way we think about the physical world. Since then many efforts have been made to unify these theories, and today we are presented with a variety of generic "quantum gravity" theories. Let us mention canonical quantum gravity [1] , perturbative quantum gravity [2] , superstring and D-brane theory [3] , loop (nonperturbative) quantum gravity [4] and others. All these are intricate theories: even comparison of their predictions is a difficult task. In view of the dearth of concrete experimental results bearing on the quantum aspects of gravity, one wonders whether it would not be more to the point to construct a theory which emphasizes some particular gravitational system where circumstances allow a guess as to the general nature of quantum effects. Black holes suggest themselves as a good place to start: they involve strong gravitational fields, have properties reminiscent of localized particles, and results from quantum field theory [principally Hawking's radiance (HR)] suggest that quantum effects are central. etc. Thus an approach to black hole quantization has emerged [5] [6] [7] [8] which starts off from hints garnered in classical black hole physics, and proceeds to quantum ideas.
This approach hails back to the realization by Christodoulou [9] , Hawking [10] and Penrose and Floyd [11] that transformations of a black hole (BH) generically have an irreversible character. One of its conclusions is that the horizon area tends to grow, a rule which served as motivation for Bekenstein [12] to associate entropy with horizon area A according to (we insert the modern value of the coefficient)
(L P and M P will denote the Planck length and mass, respectively). Christodoulou also showed that there are some special BH reversible processes which leave BH area unchanged. This has led Bekenstein [5] to remark that the horizon area of a non-extremal BH behaves as a classical adiabatic invariant (for support of this see also Bekenstein [13] and Mayo [14] ). According to Ehrenfest's principle [15] any classical adiabatic invariant corresponds to a quantum entity with discrete spectrum. Thus Bekenstein conjectured that the spectrum of the horizon area of a (non-extremal) BH should be quantized. Today the idea of a discrete eigenvalue spectrum for the horizon area is also supported by the work of Ashtekhar and others [4] . In support of a conjectured uniform spacing of the area eigenvalues, Bekenstein noted [5, 8] that the assimilation of a neutral test particle into a BH increases the horizon area by at least υL 2 P , where υ is a dimensionless constant of order unity. Also Hod [16] have shown independently that the same kind of lower bound on the horizon area increase applies to the BH assimilation of a charged particle. The fact that the lower bound turns out to be independent of the BH parameters (mass, charge and angular momentum) is in harmony with a uniformly spaced area spectrum: a n = υL 2 P (n + η); 0 ≤ η < 1; n = 0, 1, 2, ...
(
1.2)
Here a n is the area eigenvalue. In the present work we shall set η = 0 for simplicity. The spectrum in Eq. (1.2) together with the classical relation A = 16πM 2 (we use gravitational units in which G = c = 1) implies that for n ≫ 1 the energy (mass) levels M n of an isolated Schwarzschild BH have the form M n = m 0 √ n; here m 0 = υh/16π. This kind of spectrum is compatible with Bohr's correspondence principle. That is, for large n values the n → n − 1 transition frequency
agrees with the classical BH oscillation frequencies which scale as M −1 . The energyhω 0 emitted in the transition n → n − 1 is reminiscent of the Hawking temperature. Hawking [17] has shown that a steady emission of particles to infinity originating in pair creation in the gravitational field follows when a BH is formed by gravitational collapse. He associated with the BH a temperature T BH =h/8πM (which is compatible with the entropy given in Eq. (1.1) which characterizes the thermal spectrum of the emitted particles. Note that T BH anhω 0 are of the same order. Hence, the idea that the temperature represent the average energy of the emitted particles is compatible with a mass spectrum M ∼ √ n.
Following Bekenstein's conjecture about the mass spectrum, a number of authors (see full references in [18] and [8] ) have obtained the selfsame spectrum from a wide variety of arguments. For example, Vaz and Witten [19] examined the Wheeler-DeWitt equation for a static, eternal Schwarzschild BH in Kuchař-Brown variables, and obtained the mass spectrum M n ∝ √ n. Louko and Mäkelä [20] have proposed a Hamiltonian operator of the Schwarzschild BH and obtained the same spectrum. Kastrup [21] explained how such a spectrum may be understood in the framework of canonical quantization of a purely gravitational spherically symmetric system. Carlip and Teitelboim [22] used the standard (Euclidean) action principle for the gravitational field to show that the horizon area and the opening angle at the horizon are canonical conjugates. The opening angle is bounded (in the Euclidean sector). This is compatible with the idea that the area operator is represented by a number operator (see Eq. (1.2), since its canonical conjugate is a phase operator [23] . This similarity is further evidence in favor of an equally spaced area spectrum. The energy levels M n are expected to be degenerate. Denoting the degeneracy by g(n) and identifying ln g(n) with the entropy given in Eq. (1.1), Bekenstein and Mukhanov [7] found that υ = 4 ln k (υ is the dimensionless constant in Eq. (1.2), or equivalently g(n) = k n where k = 2, 3, 4, . . . They chose k = 2 for simplicity; recently Hod [24] have shown evidence in favor of the choice k = 3.
By contrast to the approach discussed, quantum loop gravity determines a non-uniformly spaced area spectrum. Ashtekhar and Krasnov claim [4] that the area spacing approaches zero exponentially for large quantum numbers. Hence, the area spectrum they propose is directly compatible with the semi-classical prediction by Hawking [17] that the emitted spectrum is smooth. The present paper shows that other features of Hawking radiation emerge naturally from the uniformly spaced area spectrum hypothesis. For example, we show that the rate of change of the mass of a BH (not near the Planck scale) agrees with that of the semi-classical calculation by Page [25] up to the second order in time. Thus, although the uniformly spaced area spectrum is inimical to the smooth Hawking spectrum, it is not at variance with equally important features of a semi-classical BH.
It is clear that the Hawking temperature is a quantum effect (T BH is proportional to Planck's constanth), and a deep understanding of it requires a quantum theory of BHs. In this paper a quantum model for Schwarzschild BHs is proposed. We start from two axioms: (a) that the horizon area spectrum is equally spaced, and (b) that the degeneracy of level n is k n . Surprisingly, these two axioms enable us to obtain the algebra of the Schwarzschild BH, and even the form of the Hamiltonian. The algebra obtained is the algebra of angular momentum with the restriction that the absolute value of the "angular momentum", here called the hyperspin, can have only the values (k n − 1)/2. This last limitation motivates us to introduce an interaction term which allows transitions only between allowed values of the hyperspin.
The z-projection of the hyperspin represents the internal degree of freedom of the BH (this degree of freedom corresponds to the entropy given in Eq. (1.1). According to the "no hair" theorems [27] , an observer located at large distance from the BH is not able to distinguish between states of the internal degrees of freedom. Hence, we find it necessary to introduce a horizon projection operator which filters out the hyperspin degree of freedom, but leaves that corresponding to the mass of the BH. This corresponds to the conception that most of the information about the BH interior is hidden (by the horizon) from an exterior observer.
The Hilbert space, which describes the states that the observer at infinity can measure, is spanned by area (mass) eigenstates. We show in this paper that the initial state determines the nature of the dynamics of the BH. For example, if the initial state is chosen to be an area eigenstate, it describes a static eternal BH. On the contrary, if the initial state is chosen to be a coherent state, 1 it reproduces the semi-classical result [25, 7] for the Hawking power. That is, it is our initial knowledge (uncertainty) about the horizon area which determines the nature of the dynamics. A BH formed by gravitational collapse generally has uncertain horizon area, and thus it looses mass, whereas an eternal BH, with a definite mass and area, is static. This paper is organized as follows. In section II A we construct the hyperspin algebra and characterize the observable Hilbert space. In section III we define the mass operator, and then find the general form of the Hamiltonian of a Schwarzschild BH. We also review the quantum phase problem in general, and then define the phase of a BH. In section IV we discuss the initial states to be considered, and in section V we use them to compare semiclassical properties of the HR with our model's predictions. Finally, in section VII, we present our summary and conclusions.
II. BLACK HOLE ALGEBRA
The classical Schwarzschild BH is characterized by only one parameter, its mass or equivalently its horizon area. Since the horizon area is an adiabatic invariant and is suggested to be quantized (as discussed in the Introduction), we shall focus on it. Hence, the first step should be to investigate the horizon area operator. In this work we shall not construct the area operator from more fundamental quantities [4] , even though this may illuminate our 1 Coherent states are the ones that most closely imitate the classical results for a simple harmonic oscillator.
perception of the internal structure of the BH. Instead, we shall use the properties of the area operator which are obtained from general arguments (see the Introduction). We now turn to construct the algebra.
A. The Algebra
Let A represent the horizon area operator (boldface is used everywhere to denote operators). Motivated by the arguments discussed in the Introduction we shall start from the following two axioms: (1) The eigenvalues of A are given by the relation a n = a 0 n where n = 0, 1, 2..., a 0 = 4lnkL 2 P is a positive universal constant, and k is an integer greater then one. (2) There are exactly k n independent eigenstates of A with eigenvalue a n , i.e. the degeneracy of a state n is k n . From the second axiom it follows that there is at least one more operator which commutes with A. Without the loss of generality we shall assume that there is only one such observable, denoted by G. Thus,
and the set {A, G} of "observables" is maximal in the sense that if S is another observable which commutes with both A and G then S = f (A, G) where f is a function of A and G. We shall call G a "secret" observable since it describes the internal degrees of freedom of the BH. From the second axiom or from Eq. (2.1) it follows that we can simultaneously diagonalize A and G. Hence we shall denote the states as |n, m such that N|n, m = n|n, m n = 0, 1, 2...
where
0 A is a dimensionless number operator. The eigenvalues m of G are limited by n since we want a degeneracy of k n . We have assumed that m is an integer; if not, instead of G we shall choose f (G) to be the "secret" operator, where f (m) = 1, 2, ..., k n for all the different k n values of m. Now, since G has a discrete spectrum m = 1, 2, ..., k n we shall introduce the annihilation operator g and the creation operator g † corresponding to G
As we shall see shortly that under a certain conditions g and g † have to satisfy a certain commutation relation. Note that in order to obtain an algebra, we have to demand that [g, g † ] be linear in G. In order to derive this commutation rule we shall first guess some of the properties of g and g † from physical arguments. First we do not want g and g † to change n when they act on states with a definite area eigenvalue n. This means that transitions among the internal degrees of freedom (m → m ′ ) do not have to change the area of the BH. Thus, the area operator N commutes with g and g † so that it is a Casimir operator. 
where h 1 is a function of A and G. Hence, from the fact that gg † |n, k n = 0 we find that h 1 (n, k n ) = 0. Similarly we find that
where g † g = h 2 (N, G). It follows from Eq. (2.5) that h 2 (n, 1) = 0. Collecting all of these facts we find that gg † and g † g can be written uniquely as follows:
where u(N) is some function of N. In Appendix A we show that u(N) = 1. Thus, we settle on the commutation relation
which is linear in G. Later on we shall make it clear under what circumstances the commutation rule (2.7) is consistent with the required spectrum of N and G.
The Matrix Elements
We turn now to calculate the matrix elements of the operators in the algebra. We chose the orthonormal set of states {|n, m } n=0,1,2,... m=1,2,...,k n as a basis. Thus we have
In a similar fashion g|n,
and thus we finally obtain for the matrix elements of g and g † :
where for simplicity we have chosen C + nm and C − nm to be a positive real numbers. These matrix elements are reminiscent of the matrix elements of J − ≡ J x − iJ y and J − ≡ J x + iJ y in the algebra of angular momentum. As we shall see shortly, this is not accidental.
The Hyperspin of a Black Hole
Using Eq. (2.6) we can find a relation between N, g and
where the symbol {, } indicates an anticommutator. It is not clear a priori that building N from g and g † in this way is consistent with the required spectrum of N. In order to clarify this point let us first define three observables:
Using the commutation relations between g, g † ,N and G we notice that the operators defined in (2.14) satisfy the standard commutation rules of an angular momentum, that is
where ε ijk is the standard antisymmetric tensor. This angular momentum algebra is not surprising for an algebra with three generators. As we shall see below, the requirement that N is a number operator complicates the algebra. Let us now rewrite Eq. (2.13) in terms of the angular momentum operators:
where There are two features coming from this relation: Firstly, the modulus of the angular momentum (the "hyperspin" of the BH) is a true observable, whereas its z-projection represents the hidden degrees of freedom of the BH. Secondly, we can see that n may be an integer, but it also may be log k (2s + 1) where s = 0,
, 2, .... Thus, the Hilbert space H which is spanned by the set {|n, m } for an integer n is a subspace of the "full" Hilbert space H f which is spanned by the set {|s, m 3 }. One should ask, what is the physical reason that a state of a BH is restricted to a proper subspace of H f ? Why can it not have general values of s but only those of the form (k n − 1)/2? These questions motivate us to enter into the dynamics, and define the Hamiltonian. It is physically clear that transitions between states with spin of the form (k n − 1)/2 and states which are not of the same form are forbidden. Before starting to construct the Hamiltonian, let us introduce, firstly, an analogy between the Hilbert space H and that of two coupled harmonic oscillators, and secondly, the Hilbert space of an observer who is located very far a way from the BH.
B. Analogy with Two Coupled Harmonic Oscillators
The area operator N is a number operator since its eigenvalues are exactly all the natural numbers. This operator is degenerate in H. We would like to define an operator which is a number operator, but which is not degenerate in H. We have found two such operators. Let us define
Their eigenstates are |n 1 1 and |n 2 2 with
In order to understand the motivation for defining N 1 and N 2 refer to Table 1 .
1. The eigenvalues of N 1 and N 2 as functions of n and m for n = 0, 1, 2 and 3.
It is interesting to note that S 3 as defined in (2.14) is given by:
This resembles Schwinger's oscillator model of angular momentum [26] , which shows an interesting connection between the algebra of angular momentum and the algebra of two independent (that is, uncoupled) oscillators. In our case we also have two number operators N 1 , N 2 and for each one of them we can define creation and annihilation operators as follows:
Thus we have
In Schwinger's model the two oscillators are independent so that [a 1 , a 2 ] = 0 and the angular momentum S 3 is also defined as in Eq. (2.20). Thus inequality (2.22) implies that our algebra is rather connected to the algebra of two coupled harmonic oscillators. In Schwinger's model, the other components of the angular momentum are defined completely different from our algebra. They involve products of the form a † 1 a 2 whereas in our case the order is important because of Eq. (2.22) and thus we have to define the angular momentum as in (2.14) .
It is a challenge to try to find the Hamiltonian of the two coupled oscillators (or more explicitly, the interaction term) which produces the required commutation relation, but this is beyond the scope of this work.
C. The Observable Hilbert Space
An observer far away from a Schwarzschild BH is able to measure only the mass of the BH. "No hair" theorems [27] suggest that this is the sole parameter characterizing the BH. On the other hand, the states in Eq. (2.2) are characterized by the two parameters n and m. This raises the question how can we harmonize between our states and "no hair" theorems? In other words, how to include the Israel-Carter conjecture that "black holes have no hair" into the Hilbert space which is spanned by the degenerate area eigenstates?
At first sight, a description of BHs by means of mixed states with entropy S = A/4L 2 p instead of pure states (zero entropy) seems to give the answer to the question above. Denoting the density matrix by ρ n for each area eigenvalue n we find that
and thus the entropy S ≡ −Trρ n ln ρ n = A/4L 2 p . This agrees with Hawking's principle of ignorance [28] : "the surface emits with equal probability all configurations of particles compatible with the observers limited knowledge". However, the problem with Eq. (2.23) is that it suggests that the observer is able to identify |n, m 1 as a different state from |n, m 2 where m 1 = m 2 . Thus, Eq. (2.23) is not compatible with "no hair" theorems. But without a density matrix, how to attribute a BH an entropy S = A/4L 2 p ? In order to resolve this issue we introduce the concept of a secret observable.
Motivated by "no hair" theorems we claim that the observer is not able to distinguish between different states with the same area eigenvalue. Hence there is a subspace of H which represents the observable Hilbert space. In this subspace for each area eigenvalue there is only one area eigenstate, i.e. the area operator is not degenerate in the observable subspace. Now, each area eigenstate in the observable subspace is a superposition of the states {|n, m } m=1,2,...,k n , that is
For simplicity, we shall define the observable Schwarzschild BH states as:
where we have assumed a complete symmetry between different eigenvalues of G. The observable Schwarzschild Hilbert space H ob is then defined as the subspace of H which is spanned by the states defined in Eq. (2.25):
We shall now explain why the above definitions are relevant to the question discussed at the beginning of this section. The horizon splits the space in two parts. All the physical processes which occur in the interior part of the BH spacetime can be viewed from the exterior only by a change in the mass of the BH. Hence, physics inside the horizon should be described in terms of the states |n, m ∈ H, whereas the physics as it is viewed at infinity should be described in terms of the observable states |n ob ∈ H ob . That is, the horizon filters out the knowledge about the internal degrees of freedom.
We shall define the horizon projection operator:
where from now on |n ≡ |n ob . Note that the horizon projection operator is the unit operator in the observable subspace. The projection operator represents the horizon in which all the parameters describing the BH are hidden apart from its mass. That is, each state |ψ in H and each observable B in H are reduced to
when a physical process is detected by an observer who is located at large distance from the BH. Eq. (2.28) is a manifestation of the concept of a secret observable. It can be regarded as a quantum version of the "no hair" theorems because it implies that an observer at infinity cannot predict the internal state of the BH apart from its mass, or equivalently its area (the horizon projection operator erases the knowledge about G). There are, indeed, two systems involved. One is the "real" physical system of the BH (without the horizon filter) which is described by the mixed state given in Eq. (2.23). Due to the internal degrees of freedom the system has an entropy S = A/4L 2 p . The other system is a small 'slice' of the real physical system (2.26), and only this 'slice' is accessible to the observer at infinity. One can view it as if the observer is wearing a pair of glasses that filter out all but one color (that is, the observer state |n ob ).
Before concluding this subsection we shall clarify a few points about the observable Hilbert space in the context of charged and rotating BHs. In the case of a charged BH we suggest that the definition for the observable states, Eq. (2.25), still holds, except that the d n m are allowed to be negative also. Hence, each combination of positive-negative coefficients d n m corresponds to a different charge. In the case of Kerr BH it might be that |d
′ since the symmetry of the internal degrees of freedom is broken (there is preferable direction of the angular momentum); but still, in the observable Hilbert space of the Kerr BH the area operator is not degenerate for a fixed value of angular momentum. We now turn to find the form of the observable Hamiltonian.
III. THE HAMILTONIAN
There are two properties which an observer located at large distance from the BH can measure: the mass of the BH (including the energy in the medium between the BH and the observer) and the energy flux (if there is one) coming from the BH. Hence, we shall start this section by defining an operator in the algebra which represents the mass of the BH.
A. The Mass Operator
In section II A the set (A, G) had been chosen to be maximal in the sense that if S is another observable which commutes with both A and G, then S is a function of A and G. Now, in the observable Hilbert space, the above argument reduces to the following one: if S is an observable in H ob and [A, S] = 0 then S is a function of A. We shall assume that the mass operator M which represents the BH mass commutes with A. That is, M is a function of A.
Classically, the mass of the BH can be obtained from its area by the well known relation A = 16πM
2 . We shall assume that to a good approximation this relation also holds true for the operators, and hence the mass operator can be written as
where the eigenvalues of M constitute the mass spectrum of the BH. The dimensionless function ǫ(A) must approaches zero in the limit of a massive BH in order to reproduce the classical relation A = 16πM 2 . Now, since ǫ(A) is a dimensionless function of A it can be approximated, to first order, by some power of L We shall now try to find the form of the Hamiltonian. If we assume that the Hamiltonian is just M, we can not understand why the hyperspin of the BH can have eigenvalues only of the form (k n − 1)/2. Moreover, this Hamiltonian describes a static system which clashes with the existence of the HR.
Let us now list the demands from the correct Hamiltonian: (1) It should be a Hermitian operator.
(2) For a very large mass the Hamiltonian of the system should be equal to the mass of the black hole. (3) It should allow transitions only between a state with a spin s and a state with a spin s ′ which satisfy the condition s ′ = s ± k n /2 for some integer n. (4) It does not contain G.
The last demand arises because in the observer Hilbert space the area operator is not degenerate (see section II C). From these requirements it follows that we can write the observable Hamiltonian in the form
where V describes an "interaction term" which approaches zero as the mass becomes very large.
In section II we have defined three Hilbert spaces. The first one, is the "full" Hilbert space H f which is spanned by the set of hyperspin states {|s, m 3 }. The second one is a subspace H of the full Hilbert space which is spanned by the set of states {|n, m } where n and m are given in Eq. (2.17). The third Hilbert space is a subspace H ob of H which is spanned by the observable states defined in Eq. (2.25). In section II C we have explained why, in the eyes of an observer at infinity, H ob is the relevant space to work with. The question remains why we had to define H ob as a subspace of H (with area spectrum a n = a 0 n) and not of H f (with area spectrum a s = log k (2s + 1))? Equivalently, why should the area eigenvalues be equally spaced?
The answer to the questions above lies in the third requirement on H. Let |s and |s ′ be some states in H f with hyperspin s and s ′ respectively. Then, by implementing the third requirement on H we find that s ′ |H|s = 0 unless s = s ′ ± k n * /2 where n * is an integer. Thus, if the initial state of the BH, |s , belongs also to H (that is s = (k n − 1)/2) then s ′ |H|s = 0 unless |s ′ ∈ H; hence the evolution of the system takes place in a subspace H of H f .
On the other hand, if the initial state |s does not belong to H then s ′ |H|s = 0 for any |s ′ ∈ H so that H does not play any role in the evolution of the BH. In this case, the area eigenvalue of the initial state |s is a s = log k (2s + 1) which is not in general an integer, but we can still write a s = n + η where n is an integer and 0 < η < 1. This eigenvalue is still consistent with Eq. (1.2) given in the Introduction for the area eigenvalues. Hence, we shall define a subspace H η of H f as follows:
where n = 0, 1, 2, ... and m 3 = −s n /2, −s n /2 + 1, ..., s n /2. In the same manner the third requirement on H implies that the time evolution of the BH takes place in H η . Hence, it is clear now that the third demand on the Hamiltonian is consistent with the spectrum of Eq. (1.2) . From now on, for simplicity, we choose η = 0 (note that H = H η=0 ).
Until now, we have tried to explain why the third demand on H is necessary in order to shift attention from the full Hilbert space to the subspace H which yields the degeneracy k n for the number operator N. We shall now be interested in the kind of interaction term V which manifests the third requirement. We introduce raising and lowering operators E † and E of A, respectively, which we shall define explicitly later. These operators must satisfy the following commutation relation
† E] = 0). Combining all of this with the hermiticity of V we find that V can be written as
where h is a complex function of A and E. Now, we shall expand the function h as a power series in E. That is, the first term is proportional to E, the second one to (E) 2 etc. It is reasonable to assume that in a perturbative theory the transitions n → n±1 have more weight than higher order transitions (such as n → n ± 2). Hence we shall assume that up to a given approximation, h is linear in E. Later on, we shall justify this assumption by a comparison with the HR for a massive BH. Note, that despite the linearization of h, the time-evolution operator, which is an exponential function of E and E † , contains all orders of these operators. We can thus write the "interaction" term as
where f is some function of A. If we normalize the raising and lowering operators to have expectation values of the order of unity (as we shall see shortly), it follows from the second requirement on the Hamiltonian that the function f (n) approaches zero as the parameter n (n = A ) approaches infinity. The question is how fast f (n) approaches zero. We shall give here a motivation that f (n) ∼ 1/ √ n for large n, and in section V we shall estimate the function f (n) in a more deductive manner.
It was shown by Kastrup [18] that there is a small correction to the BH entropy calculated in canonical ensemble of the order of the logarithm of the area. Likewise, we (to be published) have obtained a logarithmic correction to the entropy by using the grandcanonical approach (we have shown that the grand-canonical approach is also compatible with the HR). Padmanabhan [29] as well as Kim,Lee and Ji [30] , have shown that for a small number of particles in the background of the Schwarzschild metric, (or if the system obeys Boltzmann statistics), the entropy is proportional to the logarithm of the area. This implies that there might be a correction to the entropy of the order of the logarithm of A. Motivated by the above arguments we shall write the entropy as:
where b and d are constants. Thus we find a small correction to the energy U of the BH:
where b ′ is some constant. Note that the correction to Hawking temperature T BH , if there is one, is absorbed in b ′ . Hence, the correction to the energy U is proportional to the reciprocal of M. This is one reason for guessing that the function f (A) in Eq. (3.7) is proportional to 1/ √ A for large A values. As we have mentioned earlier, we shall derive this result in a more rigorous way. We turn now to define the operators E and E † explicitly. The most general form of a raising operator a † , in the Hilbert space H, is given by:
are complex numbers. The lowering operator a is defined by taking the Hermitian conjugate of Eq. (3.10). Now, according to Eq. (2.28), in the observable Hilbert space H ob , the raising operator a † transforms to ha † h. That is, the raising operator in H ob is defined in terms of the observable states |n instead of Eq. (3.10). Hence, we are able to define E and E † as the Susskind-Glogower operators [31] ,
It is clear from the definition that these operators satisfy relation (3.5). We can define also the standard creation and annihilation operators, a and a † respectively, as
It is clear that N = a † a, and
where the 1 ob indicates a unit operator in H ob (notice that it is not a unit operator in H). Elucidation of the interaction term (3.7) with the operators E and E † defined in Eq. (3.11), requires knowledge of the quantum phase problem. Hence, before we continue with the formalism, let us first review this problem in accordance with Lynch [23] .
C. The Quantum Phase Problem
Classically, the electric field vector E( r, t), of an electromagnetic field contained in a cubic cavity of edge L, may be expanded in Fourier components:
where we assumed for simplicity a linearly polarized field at a single frequency ω. The sum is taken over all the plane wave modes, where k is the wave vector. If we are limited to a single excited mode, say, k = k 0 , we can write
where a ≡ a k 0 . Writing a = re iφ we finally obtain
In this way we decompose the classical electric field into amplitude and phase components. In quantum mechanics a → a and a * → a † where a and a † satisfy the canonical commutation relation (3.13). Dirac (1927) was the first to attempt to define a phase operator. He decomposed a into an amplitude and a phase component and thus N and φ are canonically conjugate operators. This relation leads to the number − phase uncertainty relation of quantum optics:
That is, to create a radiation wave with a sharp phase, such as a laser wave, we would need to have many photons. Similarly, as we shall see later, a massive BH (analog of many quanta) has a sharp phase. All this leads to serious problems. For example, if we take the matrix elements of Eq. (3.19) in the number state basis, we find that
which leads to the impossible equation 0 =i for n = n ′ . Moreover, Susskind and Glogower [31] have shown that e iφ is not unitary, or equivalently, φ is not Hermitian.
Despite these problems, if one does not define the phase as an operator (just as time is not an operator in quantum mechanics), the above criticism is not a decisive objection to the phase-number uncertainty relation (3.20) . For although we have no time operator, we have time-energy uncertainty relation. The reason why it is difficult to define the phase or the time operator is the fact that the particle number or energy spectrum is non-negative and, therefore, is bounded from below. This situation is drastically different from the one for position and momentum whose eigenvalue spectra are unbounded.
Let us now compare the Dirac definition for the phase operator Eq.(3.17), and Eq. (3.12). One can see that E and E † are analogous of e iφ and e −iφ respectively. Now, using the definition Eq. (3.11) it is easy to show that E and E † are "one-sided unitary" or an isometry. That is,
Despite the fact that the vacuum projection "spoils" the unitarity of E, for states with a very large number occupations (that is, N ≫ 1) and hence small vacuum component, we can treat E as an approximately unitary operator. As we shall see now, the last statement helps us to define the phase of a BH.
D. The Phase of a Black Hole
For a BH not near the Planck mass N ≫ 1. Thus we can define a phase operator to be approximately
Hence, the interaction term V, which has the form of Eq. (3.7), describes an interaction between the area operator A and the phase operator φ. As we shall see later, the HR in our model is due to an area-phase interaction. The definition of the quantum phase of a BH in Eq. (3.23) raises the question what is the physical interpretation of the "new" observable φ ? Furthermore, what are the physical grounds for an area-phase interaction appearing in the Hamiltonian? In order to answer these questions, we first note that the phase operator is the canonical conjugate of the area operator (see Eq. (3.19) ). This is reminiscent of work by Carlip and Teitelboim [22] .
Carlip and Teitelboim have shown by using the standard (Euclidean) action principle for gravitational field, that the horizon area and the opening angle at the horizon are canonical conjugates. They start with the wave functional ψ = ψ[T, (3) g] where the separation time at spatial infinity T , is an extra argument (in addition to the intrinsic geometry of a spatial section (3) g) since space is not closed. The canonical conjugation relation of T and the ADM mass M is expressed in the Schrödinger equation where A is the horizon area. They work in a system of polar coordinates r,τ in ℜ 2 (the spacetime topology is ℜ 2 ×S d−2 ) where they set the origin r = r + to be the horizon of the BH and the angle τ to be the Killing time (for more details see Carlip and Teitelboim paper [22] ). Next, they show that the parameter iΘ is " the total proper angle (proper length divided by proper radius) of an arc of very small radius and coordinate angular opening τ 1 − τ 2 ".
The main result of Carlip and Teitelboim is that the canonical conjugate of the horizon area is the opening angle. The Euclidean continuation of the hyperbolic angle Θ is bounded and even periodic. This not only favors our simple model, but it gives a motivation for the assumption that the horizon area (in the Euclidean sector) can be represented by a number operator ! We are able to define the phase in Eq. (3.23) since we have assumed that the area spectrum is equally spaced. If, for example, the area spacing a n+1 − a n approached zero for large quantum number n (as suggested by Ashtekar and others [4] ), the quantity canonically conjugate to area would not be a phase operator (its eigenvalues would not be bounded).
In our simple model, the canonical conjugate of the horizon area is also some kind of an angle. Since in our model the phase (angle) is an operator we shall identify the eigenvalues of φ with the "opening angles" at the horizon, as discussed by Carlip and Teitelboim. As we shall see below, a further analogy between our approach and theirs can be found in the description of the HR.
Recently, Massar and Parentani [32] have shown that the probability for a BH to emit a particle is given by
where ∆A is the change in the horizon area induced by the emission, and N is some phase space factor. Since they did not neglect the specific heat of the BH, expression (3.26) improves Hawking's result. We shall now point out the origin of this result.
As suggested by Carlip and Teitelboim, Massar and Parentani have supplemented the canonical action with two boundary terms, −T M (boundary at infinity) and ΘA/8π (boundary at the horizon). Hence, they face four actions according to which quantities are fixed in the variational principle. They fix the ADM mass M and the opening angle Θ in order to describe a physical situation in which the BH and the surrounding matter exchange energy, but no energy is exchanged with infinity (this is also the process we are studying). It is through the boundary term ΘA/8π that they obtain Eq. (3.26).
In our approach, as we shall see later, the HR appears as a result of the interaction (3.7), an interaction between the phase ("opening angle") and the area of the BH. Also Massar and Parentani have obtained Eq. (3.26) after introducing the boundary term ΘA/8π in the action; this can be considered (in the context of our model) as a 'coupling' between the horizon area and the opening angle. Hence the Massar-Parentani approach is compatible with our model. For this reason we identify the area-phase interaction term in Eq. (3.7) as representing the boundary term ΘA/8π. Note that in our approach the interaction term appears in the Hamiltonian, whereas in the Massar-Parentani approach the boundary term appears in the action. Furthermore, it is interesting to note that the effect of general relativity (that is, spacetime is not flat) appears in our simple model as a coupling between the observable A and its own canonical conjugate φ !
We now ask what our model has to say about radiation by the BH. In addition to the Hamiltonian we need specify the state of the BH.
IV. THE INITIAL STATE
One might think that the initial state is just the an area eigenstate |n 0 where M = m 0 √ n 0 is the initial mass of the BH. But as we shall see in section VI, an area eigenstate describes a static BH (that is, no HR). The question is then, what is the initial state which leads to the semi-classical radiation (HR), and why an area eigenstate is not an appropriate candidate. The question above is not unique to our problem, but is a general question in quantum mechanics: What are the states that most closely imitate classical behavior? The simplest case where this question appears is that of the simple harmonic oscillator. Hence we shall first review, very shortly, what are the states that imitates the classical harminic oscillations (see Sakurai) .
In the Heisenberg picture the position operator x(t) of an harmonic oscillator is given by
where ω is the angular frequency of the classical oscillator and p(0) is the momentum operator at t = 0. The expectation value n|x(t)|n vanishes because the operators x(0) and p(0) change n by ±1 and |n and |n + 1 are orthogonal. This result is different from the classical result no matter how large n may be. In order to obtain the classical result, we have to take the expectation value with respect to a coherent state. Let us perform the Bogoliubov transformation for coherent states (see Umezawa):
where λ is a c-number. Then, a coherent state is defined as the vacuum for α(λ) and is denoted by |0(λ) :
We then have
in which the generator G c (λ) is given by:
We note parenthetically that if we allow λ to be a function of A, we shall be able to express the interaction term in Eq. (3.7) as the generator of BH coherent states. That is,
This remarkable result implies that the interaction term given in Eq. (3.7) induces the Bogoliubov transformation (4.2); we shall see that it corresponds to HR. Let us now list two properties of a coherent state which will be relevant to our problem. Firstly, a coherent state may be expressed as a superposition of the number (N) eigenstates
where the distribution of |q(n)| 2 with respect to n is of the Poisson type about some mean valuen = |λ| 2 :
Secondly, a coherent state satisfies the minimum uncertainty product relation. By analogy with a simple harmonic oscillator, we shall ask how can we construct a superposition of the area eigenstates that most closely imitates the semi-classical result (HR)? In a comparison with the harmonic oscillator, would it be some kind of a coherent state? We shall call the state that does the desired job the coherent-termal state 3 and denote it by |CT ; n 0 where n 0 ≡ CT ; n 0 |N|CT ; n 0 . Hence, in the limit of a massive BH we demand
where M(t) is the result obtained in the semi-classical approach (see section V). An observer at infinity is limited by the energy-time (area-phase) uncertainty principle when he tries to determine the mass (area) of a BH formed by a gravitational collapse. If the BH is an eternal one, in which one can determine exactly its mass, there will be no HR because the initial state will be a mass eigenstate (see section VI). By contrast, if the BH has been formed by gravitational collapse, there is always radiation in the region between the BH and the observer. Even if hypothetically at some initial time, say t 0 , there is no radiation, still the measurement takes time, say ∆t, in which a small amount of radiation is produced according to the mass-time uncertainty principle. Hence, in order to obtain the HR, the initial state must satisfy (∆M) 2 = 0, or equivalently, the HR is due to the uncertainty (of an observer at infinity) about the area (mass) of the BH.
The coherent-thermal state (CT-state) may be expressed as follows:
where P n is the distribution with respect to n and exp(−iν(n)) is some phase coefficient where ν(n) is a real function of n. We can set exp(−iν(n)) = 1 by defining |n new ≡ exp(−iν(n))|n and doing all the previous analysis with respect to these new states. The new Susskind-Glogower's operators, E and E † , are different from the old ones, but the form of the Hamiltonian and the interaction term given in Eq. (3.7) are unchanged since f (A) can absorb the changes. Hence we conclude that the CT-state may be written as:
We are interested in the semi-classical limit n 0 → ∞. In this limit σ M / M → 0 where σ
Hence, in the limit of large n 0 value, the distribution P n is of the Gaussian type about the mean value n 0 . That is,
where we have left the variance, σ 2 A = 2n 0 /α, to be determined later. But a distribution of the Poisson type (see Eq. (4.8)) becomes, in the limit n 0 → ∞, Gaussian with a variance σ 2 A = n 0 . Thus, for a coherent state α = 2. However, to be more general we shall not set yet α = 2.
Let us now compare the semi-classical results and our quantum mechanical approach when the averages are taken with respect to the CT-state
V. THE ROLE OF HAWKING RADIATION
We start by emphasizing the similarity of the following two roads to the HR: (1)If one attributes to a BH an entropy S BH = A/4L 2 P (Bekenstein [12] ), it leads to a temperature T BH =h/8πM (Hawking [17] ); hence the BH radiates and decreases its horizon area (A = 16πM
2 ). Due to the thermal character of the radiation, one can calculate the rate of change of the BH mass using Stefan-Boltzmann law (see Eq. (5.1)). (2)BH entropy, together with the assumption that the horizon area is represented by the number operator A = 4lnkL 2 P N, implies a huge degeneracy k n . This degeneracy motivated us to introduce into the Hamiltonian an interaction term of the form of Eq. (3.6). A system with such high degeneracy acts in order to reduce its internal degrees of freedom. Hence the area of the BH is not conserved, i.e. [H, A] = 0. Later on we shall see that it is indeed possible to choose the interaction term such that the area of the BH decreases in time.
The purpose of this section is to compare these two roads. Such a comparison examines the validity of our assumptions that lead to the form of the Hamiltonian given in the previous section. Moreover, we shall be able to derive the form of the function f (A) in Eq. (3.7) for large A values. We shall point out that these two roads should match only in the limit of large A values (the semi-classical limit). For much smaller values of A (near the Planck scale), our approach predicts new results.
Due to Hawking radiance and its thermal character, it is possible to estimate the rate of change of the mass M of the BH. Using the Stefan-Boltzmann law for a surface area 16π M 2 at temperature T BH = (h/8π) M −1 , we find (see Bekenstein and Mukhanov [7] and Page [25] )
where γ lumps uncertainties about the species of particles emitted. We shall assume that the mass of the BH at time t = 0 is equal to the total energy of the system, that is, M(0) is the ADM mass. Now, solving Eq. (5.1) we find
where ε is defined in Eq. (5.1) and the mass of the BH is assumed to be vary large compared to (εt) 3 . In our model, the mass of the BH is represented by the mass operator M ≡ M S ≡ M H (0) where the subscripts S and H stand for the Schrödinger and Heisenberg pictures, respectively. The evolution in time of the mass operator in the Heisenberg picture is determined by
where the Hamiltonian is given by Eq. 
A. The First Order Corrections
The Hamiltonian (3.3) may be written as
where we used Eq. (3.7) for V. Hence it clear that
Note that if we take the average with respect to an area eigenstate |n , we would find that 6) and it would be impossible to compare with Eq. (5.2). Now, taking the average with respect to the CT-state (4.13) we find
where we have assumed that f (n) is purely imaginary since we want that H CT ;n 0 = M(0) CT ;n 0 (the mass of the BH at time t = 0 is equal to the total energy of the system). Now, comparing ih −1 [H, M(0)] CT ;n 0 with the coefficient of t in Eq. (5.2) we find
where we have taken
This equation holds only for n ≫ 1 and there are corrections in the limit of small n. Note that this result is in harmony with our previous estimate of f (A) as proportional to 1/ √ A (see the arguments below Eq. (3.9)).
It is clear that the function f (n) should not be dependent on the CT-state characterized by the number n 0 (otherwise, the Hamiltonian would be dependent on the states we take average with). Hence, the factor exp α 16n 0 should be independent of n 0 . There are two ways to achieve this. One of them is to assume that α is proportional to n 0 such that the ratio α/n 0 is independent of n 0 . The other way is to assume that α is of the order of unity, and since our calculations are valid up to corrections of O(1/n 0 ), we can replace exp α 16n 0 by one. By contrast, it would be impossible to replace exp α 16n 0 by unity if, for example, α ∼ √ n 0 . The reason is that we cannot neglect corrections of O(1/ √ n 0 ) and thus the function f (n) will be dependent on n 0 by a small correction (∼ 1/ √ n 0 ) which cannot be neglected. Since the Hamiltonian should not be dependent on n 0 (even not as a small correction), we conclude that either α is of the order of unity, or it is of the order of n 0 . The question now is which one of the two possibilities for α is the correct one. One may ask if the area-phase uncertainty relation (3.20) can supply the required information about α. As we have mentioned earlier, a coherent state (e.g. the initial CT-state with α = 2) satisfies the minimum uncertainty product relation. In Appendix C, we show that both of the choices for α leads to the minimum uncertainty product relation (3.20) . Thus we are left with an unknown parameter.
As we shall see shortly, Eq. (5.9) leads to a second order correction of the form ∼ t 2 / M(0)
5 for the evaporation of the black hole. This result is, surprisingly, consistent with the semi-classical result Eq. (5.2). Hence, we shall compare also the coefficients in both approaches and see what we can learn from that.
B. The Second Order Corrections
In order to calculate the second order of M(t) with respect to the time t, we use Eq. 
where we have used the fact that the contribution of small n's (compared to n 0 ) may be neglected under the average. Finally, comparing Eq. which is impossible for α > 0. Hence, it seems at first sight that a solution for α which is at the same order as n 0 is impossible.
In the last argument we have assumed that the interaction term in Eq. (3.7) is exact. If one insist that the initial CT-state, which imitates the semi-classical result, is such that α ∼ n 0 (and not of the order of unity), we must then add a correction to the Hamiltonian. In appendix B we have estimated the second order correction (if there is one) to the Hamiltonian, and we have reproduced Eq. (5.12) with a correction coming from the extra term in the Hamiltonian. We shall emphasize here that the second order correction contributes Eq. (5.12) because we have calculated M(t) up to a second order in time.
VI. STATIC BLACK HOLES
At first glance it seems impossible to describe a static BH in our model since [H, A] = 0. But, as we have seen in section V A, the first order correction to the rate of change of the mass of the BH is zero when the initial state is taken to be an area eigenstate. Thus, area eigenstates seem to be good candidates for describing eternal BHs. Note that these states satisfy (∆M) 2 = 0 which is compatible with eternal BHs since no gravitational collapse is involved (see section IV). As we shall see in this section, for a BH (not a primordial one) which is described by an area eigenstate, we have to wait a long time (much greater than the age of the universe) in order to observe any change in its horizon area, and even then it will only be a small fluctuation about the mean area value.
The idea that area eigenstates describe static BHs has interesting implications. For example, if one had a 'device' able to measure the area of the BH (that is, the BH state collapse into an area eigenstate), it would stop the time evolution of the BH! This means that our knowledge about the area of the BH plays a central role, and affects its mass evaporation.
We start with the Hamiltonian given in Eq. (5.4) where f (n) is given by Eq. (5.9) for large n. As we have done in the previous sections, since f (n) approaches zero for large n values, we shall treat the interaction term in a perturbative manner. This time we shall work in the interaction picture.
The time dependent "potential" in the interaction picture is given by
where V is the interaction term given in Eq. (5.4). The time evolution operator (in the interaction picture) is then expressed as
where T is the time ordering operator. We proceed to evaluate the average of the area operator when the initial state is the area eigenstate |n 0 . We shall calculate the average up to the first non vanishing order. That is,
where we have used Eq. (6.2) (note that the area operator in the interaction picture is the same as in Schrödinger picture). Now, using Eq. (6.1) and Eq. (5.4) to express V I (t), we find after some algebraic manipulations that Eq. (6.3) can be written as
Now, because f (n 0 ), and ω n 0 ,n 0 ±1 are of O(∼ 1/ √ n 0 ) for n 0 ≫ 1, we find that |f (n 0 − 1)| 2 /ω 2 n 0 ,n 0 −1 is equal to |f (n 0 )| 2 /ω 2 n 0 ,n 0 +1 up to a very small correction of the order of 1/n 0 . Thus, after using Eq. (5.9) for f (n) we find
for n 0 ≫ 1. Substituting Eq. (6.6) in Eq. (6.4) we finally obtain
Note that ξ is a dimensionless coefficient whereas γ was first introduced in Eq. (5.1). The frequency ω (1) does not containh; hence we call it the classical frequency of the BH. The second frequency, ω (2) , is the quantum correction to ω (1) , and even for a microscopic BH with M(0) = 10 12 Kg, ω (2) ≈ 10 −19 sec −1 (where we assumed ln k ∼ 1). Thus sin(ω (2) t) ≈ 0 for t not much larger that the age of the universe. We conclude that a BH (not a primordial one) which is described initially by a pure state |n 0 will stay in this pure state since A t = a 0 n over the lifetime of the universe.
The frequency ω (2) becomes significant when 1/ω (2) is smaller then the age of the universe. That is, BHs with a mass smaller than 10 11 Kg. For these BHs it is impossible to neglect ω (2) . But still, if we assume that ξ (or γ) is not extremely large, Eq. (6.7) describes a basically static BH with small time dependent fluctuations around its mean area value.
VII. SUMMARY AND CONCLUSIONS
We have described in this paper a fully quantum mechanical model for a Schwarzschild BH. Starting from the assumption that the horizon area is quantized with equally spaced spectrum, we have obtained for the black hole observables an algebra of angular momentum (the hyperspin of a Schwarzschild BH) with the restriction that the hyperspin can only have the values s n = (k n −1)/2. This serves as motivation for the introduction in the Hamiltonian an interaction term. Surprisingly, this term leads to the correct properties of the HR.
We have introduced the phase of a BH as the canonical conjugated to the area operator, and identified it with the "opening angle" of Carlip and Teitelboim [22] . Then the "interaction" term in the Hamiltonian has been interpreted as a coupling between the horizon area and the phase of the BH. This coupling was associated with the boundary term ΘA/8π in the action of a BH spacetime, which according to Massar and Parentani [32] corresponds to the HR.
To discuss the HR it was required to choose an appropriate initial state which most closely imitates the semi-classical result (HR). We have chosen the initial state to be Gaussian distributed with area about some mean value n 0 . Hence, the variance σ A of this state was left undetermined. However, after the comparison with the HR, it has been shown that either σ A / A ∼ M P /M, or σ A / A ∼ (M P /M) 2 . For the first possibility, the Hamiltonian which describes the system is exactly of the form of Eq. (5.4) . On the other hand, if σ A / A ∼ (M P /M) 2 , then the Hamiltonian given by Eq. (5.4) is just part (in a perturbation theory) of the full Hamiltonian of the BH (see Appendix B).
We have seen in the previous section that an area eigenstate describes a static BH. Hence, in our model the HR is due to the dispersion in the area eigenstates. It was shown long ago by Bekenstein [34] that the fluctuations in the mass of the BH, and thus also in its area, increases with time. Also Wu and Ford [35] have shown recently that the variance of the mass grows linearly in time. It is then clear that as long as the BH looses mass, the observers loose their knowledge about the area of the BH. Perhaps this is the way that a BH avoids a singularity at the culmination of its evaporation.
Hence it is clear that the eigenstates |n, m of N and G are also eigenstates of J 3 and J 2 . Thus we shall write m 3 and j in terms of n and m as follows:
From Eq. (A3) it follows that |l(n)| 2 is an integer since 2m 3 is an integer. Thus, |l(n)| 2 ≥ 1. Setting for example m = 1 in Eq. (A3) and Eq. (A4) we find that
Now, the eigenvalues of an angular momentum satisfy the condition 2j ≥ |2m 3 | which leads to 4j(j + 1) ≥ |2m 3 | (|2m 3 | + 2). Hence, using both Eq. (A5) and Eq. (A6) we finally obtain
which is satisfied only if |l(n)| 2 ≤ 1. Thus we have proved that u(n) ≡ |l(n)| 2 = 1. where ζ is another parameter to be determined. Note that if we choose ζ = 0 (that is, H (2) = 0) Eq. (B4) reduces to Eq. (5.12), as it was expected. Thus, we conclude that if α is of the order of unity then Eq. (5.12) is satisfied automatically and we don't need a correction. This means that the Hamiltonian given in Eq. (3.3) with the interaction term (3.7) is equivalent to the exact Hamiltonian, at least up to corrections which are much smaller then the order ofh 2 / M(0) 3 . On the other hand, if α is O(n 0 ), then the interaction term (3.7) is only the first order term in a given perturbation theory.
In order to determine α in this case, we use Eq. (B4). There are two solutions of Eq. (B4), but only one of them is plausible:
Note that l ≤ 0 since α > 0 as it was expected. Relation (B5) does not determine α, but instead express it as a function of the parameter l.
APPENDIX C: SATURATION OF THE AREA-PHASE UNCERTAINTY RELATION
We shall prove in this section that the CT-states defined in Eq. 
The variance of the Gaussian CT-states is given by ∆N = 2n 0 α .
We now turn to calculate ∆φ. First we define sin φ in terms of the Susskind-Glogower's operators:
It is simple to verify that sin φ CT ;n 0 = 0; it is thus consistent to assume that also φ CT ;n 0 = 0, where φ has been chosen to have its eigenvalues in the interval [−π, π]. If α ∼ 1, the variance ∆N ∼ √ n 0 is quite large, which implies that ∆φ is quite small. That is, φ is highly peaked around φ = 0. Hence we can assume that φ ≈ sin φ which leads by Eq. (4.13) to
